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This technical note gives the proof of the solution of a complex definite integral. 
Such a typical integral is required when the analytical solution for contaminant 
transport in an unbounded two- or three-dimensional porous (or fractured) 
medium is sought using the Fourier Integral Transform. 7 1 1992 Academic Press, Inc 
In recent years, performance assessment work has been conducted to 
evaluate potential environmental impacts of liquid or solid waste disposal 
in geologic media. A considerable amount of research has benn focused on 
the numerical solutions ofthe mass transport equation. Some of these solu- 
tions pertaining tocontaminant ransport inporous (or fractured) media 
are of the semi-analytical formand are designed to cope with two- or three- 
dimensional unbounded domains. In this case the adoption of the Fourier 
Integral Transform (Sneddon [6] method of the solution gives rise to func- 
tions with complex variables ( ee Gureghian [4, 51) that may be handled 
conveniently b means of the complex integral given below. Note that 
when the imaginary part of this integral vanishes, this will display proper- 
ties identical to those reported in standard mathematical tables (see 
Abramowitz and Stegun [I, p. 302, Eq. (7.4.3)). 
THE COMPLEX DEFINITE INTEGRAL 
The following provides a proof of the integral relation 
I=s,I’exp(-I’-ij) dr=$exp(-2;) 
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when z is a complex quantity written as 
z=Jc+id. (2) 
Noting that the function under the integral sign in Eq. (1) is an even 
function, substitution f2 given by Eq. (2) yields 
I=J1: exp(-r’-;)exp(+?dr. (3) 
Using Euler’s formula written as 
Eq. (3) becomes 
where 
eitl = cos 0 + i sin 8, 
z=z, +I,, 
I,=i:exp(--f’-s)cos($)dt 
I,=-i~OZexp(-t2-~)sin($)d~. 
(4) 
(5) 
(6) 
(7) 
Now apply the integrals (see Gradshteyn and Ryzhik [3, p. 4861) 
and 
= 2r exp( -2rs cos(A + B)) cos(A + 2rs sin(A + B)) 
for a2 + p2 > 0 (8) 
J;t = 2r exp( -2rs cos(A + B)) sin(A + 2r.s in(A + B)) 
for a2+p2>0, (9) 
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where 
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y= (&+p4)li4 
,y = (b4 + q4)‘/4 
a2 
A = i arctan -1 
P 
b2 
B = i arctan 1
4 
and the following relations are satisfied: 
p= 1, r= 1, q2=(., .y = (& + c2)‘/4 
a = 0, A=0 b2=d, B = i arctan g. 
c 
Then I, and I, are rewritten as
& I, =2exp -2(d2+c2)1~4cos(~arctan~)) 
(loa) 
(lob) 
(1Oc) 
Clod) 
(11) 
sin 
i 
2(d2 + c2)li4 sin (i arctan t)). (12) 
Hence, 
& & I=yexp(-x)[cosy-isiny]=lexp[-(x+iy)], (13) 
where 
and 
y=2(d2+c2)“4 sin(Jjarctanz). 
(14) 
(15) 
Let 
Now apply 
COMPLEX DEFINITE INTEGRAL 
arctan d= 20. 
C 
Therefore, x and y given by Eqs. (14) and (15) become 
x=Jz(c+(c2+d2)‘/2)‘/2 
y=&(-c+(c2+d2p2)? 
Then I can be expressed as 
J;r I=?exp -2 
[ cc 
c + (c2 + &)I/2 112 -c+(c2+&)1!2 112 
2 > ( 
Si 
2 > >I- 
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(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
Noting that the argument of the exponential function corresponds tothe 
square root of the complex quantity (c + id) given by Eq. (2) (see Dwight 
[2, p. 171) the above equation can be written 
A Z=2exp( -2m) 
and the required result is established. 
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